A universal integrable hierarchy underlying topological Landau-Ginzburg models of D-type is presented. Like the dispersionless Toda hierarchy, the new hierarchy has two distinct ("positive" and "negative") set of flows. Special solutions corresponding to topological Landau-Ginzburg models of D-type are characterized by a Riemann-Hilbert problem, which can be converted into a generalized hodograph transformation. This construction gives an embedding of the finite dimensional small phase space of these models into the full space of flows of this hierarchy.
Introduction
Recent progress in Landau-Ginzburg models of topological strings [1] has revealed an unexpected link with theories of singularities and integrable hierarchies. In the absence of gravitational couplings (i.e., in the so called "small phase space"), these models of topological strings are reduced to a class of topological conformal field theories. Sophisticated mathematical concepts in singularity theory, such as "flat coordinates," "higher residue pairings" and "Gauss-Manin systems " [2] are now recognized as very useful tools for studying this class of topological conformal field theories [3] . These tools are also recently applied to an explicit construction of "gravitational descendents" in topological strings [4] . If gravitational couplings are turned on, flows in the space of gravitational couplings obey an integrable hierarchy of "Whitham type" or "hydrodynamic type" [5] . This is a place where the theory of integrable hierarchies plays a key role.
Relation to integrable hierarchies takes a particularly simple form in topological strings of A-type and D-type [1] . The simplest and most well understood is the case of models of A-type. These models are realized as special solutions of the dispersionless generalized KdV hierarchies. Thus the dispersionless KP hierarchy [6] emerges as a universal hierarchy of these models. The second simplest case consists of models of D-type. The Landau-Ginzburg potential of D-type contains two fields, but one of them can easily be eliminated by simple Gaussian path integral. Apart from an extra term, the reduced potential in the small phase space is essentially a special case (or an "orbifold") of A-type models. Flows in the space of gravitational couplings, however, remain to be studied. Naturally, no universal integrable hierarchy has been identified.
We present in this paper a new integrable hierarchy that underlies these topological Landau-Ginzburg models of D-type. Our construction implements, from the very beginning, an infinite number of integrable flows besides those in the small phase space. These flows should be identified with flows of gravitational couplings.
Actually, the universal hierarchy is comprised of two distinct sets of flows (so to speak, "positive" and "negative" flows) just like the dispersionless Toda hierarchy [7] . Remarkably, an exceptional coordinate "t * " [1] of the small phase space can be identified with the first negative flow; this clearly explains why it is exceptional.
Even apart from the relation to topological Landau-Ginzburg medels, our new hierarchy possesses in itself a number of interesting aspects as we now show below.
Let us start from exhibiting general properties, then turn to topological LandauGinzburg models.
Lax formalism of new hierarchy
The new hierarchy resemble both the dispersionless Toda hierarchy [7] and the dispersionless BKP hierarchy [8] , lying thus in between. (Actually, the KP hierarchy has a C-type version, CKP, besides the B-type version [9] . They turn out to have substantially the same dispersionless limit.) Its Lax representation, like the dispersionless Toda hierarchy, consists of four sets of Lax equations of the form
describing two sets of flows in two sets of time variables t = (t 1 , t 3 , . . .
are Laurent series in another variable k. The classical counterparts of B-operators are given by
where
Unlike the dispersionless Toda hierarchy, however, L andL contains only odd powers of k. This is a reason that only "odd" time variables are permitted. Furthermore, the Poisson bracket, too, is different and given by
(The Poisson bracket in the dispersionless Toda hierarchy is defined for a rescaled lattice coordinate s and its canonical momentum p) These characteristics are rather reminiscent of the dispersionless BKP (or CKP) hierarchy. In fact, the first set of Lax equations, including L and t only, is nothing but the dispersionless BKP hierarchy. The new hierarchy is thus a straightforward extension of the dispersionless BKP hierarchy by the "negative" flowst.
As in other dispersionless integrable hierarchies, one can now introduce another set of Laurent series
that satisfy the Lax equations
and the canonical Poisson relations
Note that these M andM contain only even powers of L andL. (This definition of M slightly differs from our previous notations for the dispersionless BKP hierarchy [8] ; the above M amounts to ML −1 in the notation used therein.) As already pointed out in the case of other dispersionless hierarchies and selfdual gravity [10] , this kind of extended Lax formalism is a key to a Riemann-Hilbert problem method.
Riemann-Hilbert problem
The extended Lax representation can be rewritten into the 2-form equation
Note that ω includes the symplectic 2-form in the (k, x) = (k, t 1 ) space:
The above 2-form equation implies that (L, M) and (L,M) are two sets of "Darboux coordinates" of ω and linked by a functional relation of the form
where f (λ, µ) and g(λ, µ) are subject to the symplectic condition
i.e., gives a symplectic (or area-preserving) diffeomorphism. Furthermore, in view of the parity of L,L (odd) and M,M (even) under k → −k, one has to impose the extra condition
The last condition, conversely, ensures that solutions of the above Riemann-Hilbert problem indeed give solutions of the hierarchy in question (as far as only "odd" time variables are retained).
S-functions and free energy
Our goal here is to show the existence of a potential F ("free energy") along with two auxiliary functions S andŜ. The construction is parallel to those of the dispersionless Toda hierarchy. A key role is played by the residue formulas
where " res k " means the formal residue in k:
Technical details for deriving these and subsequent formulas are almost the same as the case of the dispersionless KP hierarchy [11] .
As a consequence of (15) and a few basic properties of the formal residue operator, one can show the relations
Another consequence of (15) is an explicit expression of of B 2n+1 andB 2n+1 as Laurent series of L andL. To see this, let us consider the formal residue operators res L and resL with respect to L andL. They are connected with res k as:
By use of these relations, one can derive from (15) the following formulas.
In particular, one obtains two expressions of B 1 = k:
Actually, these expressions of B 1 = k give an inversion of the maps k → L and k →L respectively. Solving them with respect to L andL once again, one can express u 2n andû 2n in terms of derivatives of F . For instance,
The above definition of f 2n andf 2n can be rewritten
We shall see in the next section that these quantities are directly related to flat coordinates of Landau-Ginzburg models.
Finally, let us define the S-functions
As a consequence of (6) and (20), they satisfy the 1-form equations
Exterior differentiation of these equations reproduces 2-form equation (9).
Topological Landau-Ginzburg models
The D N Landau-Ginzburg potential is a polynomial of two fields X and Y : Upon substituting
the reduced potential is given by
The reduced potential consists of two parts, We now show how to interpret the reduced Landau-Ginzburg model W red (Z)
as a special solution of our hierarchy. A very similar interpretation is recently presented by Eguchi et al. [12] , however their treatment is limited to the small phase space. Our construction of solution is a generalization of our previous treatment of A-type models [11] , and can cover all (t,t) flows simultaneously. A RiemannHilbert problem lies in the heart of this construction.
The Riemann-Hilbert problem in this case takes the following form.
This Riemann-Hilbert problem does not take the standard form of (12) 
which implies that they give a solution of the hierarchy.
The above Riemann-Hilbert problem, like the case of A-type models, can be reduced to a set of equations whose solvability is ensured by the implicit function theorem. The first equation of (31) simply means that P is an even Laurent polynomial of k of the form
The coefficients of P, L andL obey algebraic relations of the form
which can uniquely be solved for u 2n andû 2n . The second equation of (31) requires technically more involved calculations. We first separate it into the ( ) ≤−1 -part and the ( ) ≥0 -part. This results in the following equations.
By means of formal residue calculus, we can rewrite these equations into equations of Laurent coefficients. Eq. (35a) can thus be decomposed into
for n = 0, 1, . . . , N − 2, and
for n = 1, 2, . . .. Eq. (35b) can, similarly, be decomposed intô
for n = 1, 2, . . .. These equations give a D-type version of the generalized hodograph transformation of A-type models [11] . The first half, (36) and (38), of these equations are to determine g 2 , . . ., g 2N (hence L andL, too) as implicit functions of t andt. The implicit function theorem indeed ensures the existence of a unique solution in, for instance, a neighborhood of the submanifold
The rest of Eqs. (2n + 1)t 2n+1 = −f 2N −2n−2 (n = 0, . . . , N − 2),
The first relation tells that the t variables coincide, up to rescaling constants, with flat coordinates of the A 2N −3 model restricted to the subspace t 2n = 0, thus reproducing the result of Dijkgraaf et al. [1] . The second relation, meanwhile,
shows that
[Compare the two expressions of g 2N in (29) and (34). In view of the above relation betweent 1 andû 0 , one can readily derive (42).] Thus, the somewhat distinct deformation variable t * turns out to be identical to the first "negative" time of our hierarchy.
Let us finally note that the above construction can be extended straightforward to a more general case (with two discrete parameters N andN) of the form
In view of the general classification program of topological conformal field theories by Krichever and Dubrovin [5] , these solutions, too, deserve to be studied from a physical point of view.
Conclusion
Our results are divided into two parts. In the first part, the new hierarchy is introduced and general properties are specified. The hierarchy itself, in one hand, resembles the dispersionless Toda hierarchy in the sense that it consists of two distinct sets of flows. The "positive" flows, on the other hand, are substantially the same as the dispersionless BKP (or CKP) hierarchy. In the second part, topological
Landau-Ginzburg models of D-types are identified with special solutions of this hierarchy. These solutions are characterized by a Riemann-Hilbert problem, which can be converted into a generalized hodograph transformation.
Several new aspects of D-type models are revealed in these results. For instance, one can clarify the status of the somewhat distinct deformation variable t * in these models. In fact, t * turns out to be identical to the first "negative" time variable of the hierarchy, whereas the other variables t 1 , . . ., t 2N −3 belong to the "positive" flows. The finite dimensional small phase space with these "flat coordinates" are now embedded into the full space of flows of the hierarchy. The time variables other than t 1 , . . ., t 2N −3 andt 1 should be interpreted as gravitational couplings. Furthermore, although lacking physical interpretation, more general solutions with two discrete parameters are shown to be constructed in the same manner.
We add a few comments. 2. An infinite dimensional Lie algebra called D ∞ and an associated integrable hierarchy are presented by Jimbo and Miwa [13] . This is a D-type version of the KP hierarchy. The D N , c 0 ) hierarchies. Furthermore, remarkably, the hierarchy consists of two sets of flows like the (t,t) flows of our hierarchy. Thus, the hierarchy of Jimbo and Miwa will presumably be a "dispersionful" counterpart of our hierarchy.
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